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Abstract—We propose a generalized diffusion adaptation strat-
egy for distributed estimation under local and network-wide
energy constraints. In our generalized diffusion strategy, at
each iteration, each node can optimally combine intermediate
parameter estimates from nodes other than its physical neighbors.
The nodes whose intermediate estimates are relayed via a multi-
hop path to a particular node, and fused there, are called the
information neighbors of that node. This generalizes the physical
neighborhood of nodes used in traditional diffusion strategies.
We propose a method to determine the optimal information
neighborhood, and combination weights for the information
neighbors, subject to each node’s energy budget, and an overall
energy budget on the whole network for each iteration. By
varying the energy budgets, our strategy covers the whole
spectrum of strategies ranging from the centralized estimation
method where all information is available at a single node, to
the non-cooperative approach where each node performs its own
local estimation. Numerical results suggest that our proposed
method is able to achieve the same mean-square deviation as
the adapt-then-combine diffusion algorithm with a lower energy
budget.

Index Terms—Generalized diffusion adaptation, distributed
estimation, combination weights, energy constraints, convergence
rate, mean square deviation, sensor networks

I. INTRODUCTION

Distributed estimation arises in a wide range of contexts,

including sensor networks, smart grids, machine learning, and

biological networks. Several useful distributed solutions have

been developed for this purpose, such as consensus strategies

[1]–[5], incremental strategies [6], [7], and diffusion strategies

[8]–[11]. The diffusion strategies are particularly attractive

because they are scalable, robust, fully-distributed, and endow

networks with real-time adaptation and learning abilities [12].

They have superior stability ranges and transient performance

compared to the consensus strategies when constant step-

sizes are necessary to enable continuous adaptation under

varying network conditions [13]. The mean-square stability

of diffusion has also been shown to be insensitive to topolog-

ical changes caused by asynchronous cooperation among the

network nodes [12].

In each iteration of a diffusion strategy, each node obtains

intermediate parameter estimates from its neighbors, which

are those nodes within communication range of itself. We call

these neighboring nodes the physical neighbors of the node.

The communication cost per iteration of each node in a static

network is thus fixed, and the total communication cost can be

large if the diffusion algorithm converges slowly. To reduce the

number of communication links, [14] and [15] limit each node

to selecting only one of its neighbors for consultation based on

the neighbors’ current mean-square deviation (MSD) estimates

and a variance-product metric, respectively. The reference

[16] proposed algorithms to improve the performance of the

diffusion strategy by requiring each node to degrade the

collaboration with physical neighbors that have large excess

mean-square errors. A game theoretic approach was proposed

in [17] for each node to learn in a distributed manner whether

to diffuse its estimate based on a utility function that captures

the tradeoff between its contribution and energy expenditure.

However, the percentage of energy saving compared to the

normal diffusion strategy is unknown a priori, and can only be

estimated after implementation. This prevents efficient energy

planning during the design stage, and makes it difficult to

design a strategy that satisfies explicit node energy budgets.

Moreover, as the available diffusion strategies only allow a

node to exchange information with its physical neighbors, this

limits the estimation performance that a network can achieve

under given energy budgets.

Motivated by the shortcomings of available diffusion strate-

gies, in this paper we consider a general framework for

diffusion estimation strategies in sensor networks that incorpo-

rates local and network-wide energy budgets in each diffusion

iteration. In each iteration, we also allow the use of multi-

hop diffusions, i.e., a node that is not a physical neighbor

can transmit its intermediate estimate to another node via

a relay path in the network within the same iteration step

of the diffusion procedure. This is in sharp contrast to all

the aforementioned literature, which considers only single-

hop diffusions in each iteration. Our generalization allows

us to include explicit local and network-wide energy budget

constraints that may be infeasible in the previous formulations

of [14]–[17]. Our main contributions are the following:

(i) We generalize the concept of single-hop diffusion from

physical neighbors to multi-hop diffusion from a set

of information neighbors. In particular, we propose a

generalized version of the adapt-then-combine (ATC)

diffusion algorithm, which we call gATC. We formulate

and apply gATC to a distributed estimation problem with



local and network-wide energy constraints.

(ii) For a given set of information neighbors, we provide

combination weights for gATC that optimizes an ap-

proximate tradeoff between the convergence rate of the

algorithm and the steady-state network MSD.

(iii) For every node in the network, we show how to select its

optimal information neighbors to minimize the network

MSD, subject to local and network-wide energy budgets

per iteration. We formulate the optimal selection problem

as a mixed integer linear program (MILP), and show that

the selection is invariant to homogeneous scaling of node

observation noise variances.

The concept of multi-hop diffusion unifies non-cooperative,

distributed diffusion and centralized estimation strategies into

a single framework, and allows us to study the tradeoffs

amongst these strategies easily. We will see that the opti-

mal configuration of the multi-hop diffusion is a result of

an energy-performance tradeoff optimized under given local

and network-wide energy budgets per iteration. Although our

proposed generalized diffusion strategy requires information

relaying and is arguably more complex than the standard

diffusion strategy, it has the advantage that it achieves the

optimal estimation accuracy subject to predefined energy bud-

gets, which the standard diffusion strategy or the approach

in [17] cannot incorporate. As wireless sensor networks with

renewable energy sources become more popular in practical

implementations, energy constraints need to be accounted for

explicitly in the estimation algorithm [18].

The rest of this paper is organized as follows. In Section

II, we introduce our data model and notations, and formulate

the energy-constrained distributed optimization problem. In

Section III, we introduce the concept of generalized diffusion

adaptation. In Section IV, we propose a combination weight

to optimize the tradeoff between the convergence rate and the

steady-state network MSD, and in Section V, we show how

to choose the optimal information neighbors for every node

in the network. Numerical results and conclusions follow in

Sections VI and VII, respectively.

II. PROBLEM FORMULATION

We adopt the same notations as in [11], [13] for our problem

formulation. Consider a network represented by a directed

graph G = (N , E), where N = {1, 2, ..., N} is the set

of nodes, and E is the set of communication links between

nodes.1 Node l is said to be a physical neighbor of node k if

either l = k or (l, k) ∈ E , and is said to be within the reachable

neighborhood of node k if there is a path in G from node l
to node k. Let the physical and reachable neighborhoods of

node k be Nk and Ñk, respectively. We have Nk ⊆ Ñk, and in

general, Ñk 6= N if the network is not completely connected.

We also let N k denote the set of nodes to which node k is

a physical neighbor, and Ñ k denote the set of nodes that are

reachable from node k. In a general directed network, we often

have N k 6= Nk and Ñ k 6= Ñk for any node k.

1An undirected graph is treated as a directed graph by replacing each
undirected edge with two edges of opposite directions.

Let boldface letters denote random quantities and normal

letters denote their realizations or deterministic quantities. At

every iteration, i, each node k is able to observe realiza-

tions {dk(i), uk,i} of a scalar random process dk(i) and a

1 × M vector random process uk,i with a positive definite

covariance matrix, Ru,k = Eu∗
k,iuk,i ≻ 0, where E denotes

the expectation operator and ≻ means positive definiteness.

All vectors are column vectors by default, with the exception

of the regression vector, uk,i, which is taken to be a row

vector for convenience of presentation. The random processes

{dk(i), uk,i} are related via the linear regression model

dk(i) = uk,iω
o + vk(i),

where ωo is a M × 1 parameter to be estimated, and vk(i)
is measurement noise with variance σ2

v,k, and assumed to be

temporally white and spatially independent, i.e.,

Ev∗
k(i)vl(j) = σ2

v,kδklδij .

The notation δkl denotes the Kronecker delta function. The

regression data uk,i are likewise assumed to be temporally

white and spatially independent. The noise vk(i) and the

regressors {ul,j} are assumed to be independent of each other

for all {k, l, i, j}. All random processes are assumed to be

zero mean.

The objective of the network is to estimate ωo in a dis-

tributed and iterative way subject to certain energy constraints.

During the iterative estimation process, the energy cost of node

k per iteration consists of the sensing cost, computing cost and

communication cost (i.e., the cost incurred to disseminate or

relay intermediate estimates to the physical neighbors of a

node), which are denoted by cssk , ccpk and ccmk , respectively.

While the sensing and computing costs are almost the same

for all nodes, the communication cost is dependent on the

information that is disseminated or relayed by a node in every

iteration and hence differs from one node to another. More

precisely, the nodes estimate ωo by solving

(P0) min
ω

∑

k∈N
E|dk(i)− uk,iω|

2

s.t., cssk + ccpk + ccmk ≤ ck, ∀k ∈ N ,
∑

k∈N
cssk + ccpk + ccmk ≤ c,

(1)

where ck and c are the node and network-wide energy limits

imposed in each iteration, respectively, and “s.t.” is short for

“subject to”.

The ATC diffusion strategy solves (P0) without the energy

constraints by using the following update equations [10], [11],

[13]:

ψk,i = ωk,i−1 + µku
∗
k,i[dk(i)− uk,iωk,i−1],

ωk,i =
∑

l∈Nk

alkψl,i, (2)

where µk is a positive step-size parameter, and alk are non-

negative combination weights, satisfying

alk ≥ 0,
∑

l∈Nk

alk = 1, and alk = 0 if l /∈ Nk.
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For instance, consider node 3:

• Its physical neighbors are N3 = {2, 3, 5, 6}

• Its reachable neighbors are Ñ3 = {2, 3, 5, 6, 7, 8, 9}

• Its information neigbors are reachable neighbors

with nonzero consultation weights.

Fig. 1. Illustration of the three kinds of neighbors of a node.

The strategy consists of two steps, the adaptation step and

the consultation (or combination or diffusion) step. In the

adaptation step, each node adapts its local estimate to an

intermediate estimate ψk,i by using the new data available,

and the consultation step combines the intermediate estimates

from the physical neighborhood of a node through a weighted

sum to obtain a local estimate ωk,i for the current iteration.

In this paper, we consider only the ATC variant of diffusion

since it outperforms other alternative diffusion strategies under

mild technical conditions [13].

The ATC strategy however does not have the flexibility

to take into account the energy constraints in (1). This is

because for a given network, the ATC strategy invokes a

fixed communication cost at every node in each iteration.

This motivates us to consider a generalized diffusion strategy,

which allows flexible intra-network consultations for achieving

the optimal estimation performance under predefined energy

budgets.

III. GENERALIZED DIFFUSION ADAPTATION

In this section, we generalize the ATC strategy by allowing

a node to consult any node in its reachable neighborhood. The

gATC strategy uses the following update equations,

ψk,i = ωk,i−1 + µku
∗
k,i[dk(i)− uk,iωk,i−1],

ωk,i =
∑

l∈Ñk

alkψl,i, (3)

where the combination weights satisfy

alk ≥ 0, AT
1N = 1N , and alk = 0 if l /∈ Ñk. (4)

Here A = (alk) is the combination weight matrix, and 1N

is a vector of size N with all entries equal to one. The only

difference with the ATC update equations (2) is in the second

step in (3): the node k consults its reachable neighbors (Ñk),

which include the physical neighbors (Nk) as a subset. If alk >
0, we say that node l is an information neighbor of node k.

The three kinds of neighbors are illustrated in Fig. 1.

The simple modification to the ATC strategy in fact makes

an important generalization of the diffusion concept: the

consultation extends to the whole network in one extreme, and

degenerates to a single node in the other extreme. This unifies

the centralized, non-cooperative, and distributed strategies into

a single framework, which allows us to study the tradeoffs

amongst them easily.

The gATC strategy inherits all stability and performance

results of the ATC strategy because the generalization in-

troduced in the combination matrix A does not affect the

analysis. Interested readers are referred to [10], [11], [13] for

the stability conclusions. Here we only summarize the mean-

square performance results of the gATC strategy as these will

be used in the sequel.

Denote the estimation error vector of an arbitrary node k at

iteration i as

ω̃k,i , ωo − ωk,i.

Collect all error vectors and step-sizes across the network into

a block vector and block matrix, yielding

ω̃i , col{ω̃1,i, ω̃2,i, ..., ω̃N,i},

M , diag{µ1IM , µ2IM , ..., µNIM},

where col{·} stacks its arguments on top of each other, diag{·}
constructs a diagonal matrix from its arguments, and IM
means an M×M identify matrix. Further, define the extended

combination matrix:

A , A⊗ IM ,

where the symbol ⊗ denotes the Kronecker product of two

matrices. We further define the block diagonal matrix R and

the N ×N block matrix B with blocks of size M ×M each,

as follows:

R , Ediag{u∗
1,iu1,i, u

∗
2,iu2,i, ..., u

∗
N,iuN,i},

B , EBi = AT (INM −MR)

Then the mean network error satisfies

Eω̃i = BEω̃i−1. (5)

For any Hermitian nonnegative-definite weighting matrix Σ,

we then obtain the following approximation up to first order

in µk:

E ‖ω̃i‖
2

Σ
≈ E ‖ω̃i−1‖

2

B∗ΣB + Tr (ΣY) , (6)

where ‖ω̃i‖
2

Σ
, ω̃∗

iΣω̃i, and Y , Eyiy
∗
i = ATMSMA,

with the variance matrix S defined by

S , Esis
∗
i = diag{σ2

v,1Ru,1, σ
2
v,2Ru,2, ..., σ

2
v,NRu,N}.

The mean-square variance relation (6) can be used to

evaluate both the transient and the steady-state network per-

formance, as well as the performance of the individual nodes.

To see this, iterating (6) from i = 0 yields that

E ‖ω̃i‖
2

Σ
≈ Tr

(

B∗i+1ΣBi+1Ω−1

)

+

i
∑

j=0

Tr
(

B∗jΣBjY
)

,

= E ‖ω̃i−1‖
2

Σ
+ Tr

(

B∗iΣBiY
)

− Tr
((

B∗iΣBi − B∗i+1ΣBi+1
)

Ω−1

)

. (7)

where Ω−1 , Eω̃−1ω̃
∗
−1. The recursive expression makes it

convenient to compute the theoretical mean-square variance.

By specifying Σ as 1

N
INM , the above variance E ‖ω̃i‖

2

Σ

gives the MSD of the network estimate ωi, which can be

interpreted as an average MSD across the network at the ith
iteration, i.e.,

MSDi ,
1

N

∑

k∈N
MSDk,i,



where the MSD of an individual node k is given by MSDk,i ,

E ‖ω̃k,i‖
2
. In particular, as i → ∞ the steady-state network

MSD is obtained from (7) explicitly as:

MSD∞ ≈
1

N

∞
∑

j=0

Tr
(

BjYB∗j) . (8)

Instead, if we set Σ = (eke
T
k )⊗IM = (ek ⊗ IM ) ·

(

eTk ⊗ IM
)

,

where ek denotes the kth column of identify matrix IN , then

the transient and the steady-state MSDs of an individual node

k can also be obtained from (7).

The node or network MSDs are controlled by the quantities

B and Y , both of which are dependent on the combination

matrix A. Selection of the combinations weights al,k can be

done in two steps:

Step 1: Given an arbitrary subset of information neighbors

for each node to consult, we derive analytical forms of the

combination weights that optimize the network performance;

Step 2: Given the analytical combination weights derived

in step 1, we optimize the information neighbor subset to be

consulted by each node such that the network performance is

optimized further.

The two steps together determine which nodes are consulted

by each node and to what extent it is weighted if a consultation

happens. The next section presents a new combination rule for

determining the weights in Step 1, while we discuss Step 2 in

Section V.

IV. SELECTING THE COMBINATION WEIGHTS

In this section, we show how to select A to optimize
the steady-state network MSD in (8), given the information
neighbors of each node in the network. The optimization,
however, does not admit an analytical solution and has to
be solved numerically in general, which makes it difficult to
find an adaptive solution that adapts the weights on the fly in
response to varying network conditions. To keep the adaptation
ability of a network, we make a compromise by seeking for
an analytical solution that minimizes an upper bound of the
steady-state network MSD, given by

MSD∞ ≈
1

N

∞
∑

j=0

Tr
(

BjYB∗j
)

≤
λmax(Y)

N

∞
∑

j=0

Tr
(

BjB∗j
)

≤ Mλmax(Y)

∞
∑

j=0

λj
max(BB

∗) =
Mλmax(Y)

1− λmax(BB∗)
, MSD∞,

where λmax(·) is the largest eigenvalue of its matrix argument.

The first inequality above uses the positive semi-definiteness

of the matrix Y and the last equality is due to the fact that

λmax(BB∗) < 1 is necessary to ensure mean and mean-square

stability [10], [11], [13].

Intuitively, minimizing the upper bound, MSD∞, would

require minimizing λmax(Y) and λmax(BB
∗) simultaneously.

Since the minimizers of λmax(Y) and λmax(BB
∗) are nor-

mally different, this necessitates a tradeoff between the two

minimizations as verified by the following theorem.2

2The notation A � 0 means that A is positive semi-definite.

Theorem 1. Let Ñ
′

k be any subset of reachable neighbors of

node k. A solution of the optimization problem

min
A

λmax(Y)

1− λmax(BB∗)

s.t., alk ≥ 0, AT
1N = 1N , and alk = 0 if l /∈ Ñ

′

k,

(9)

can be obtained by solving the following minimization prob-

lem,

min
A
αoλmax(Y) + (1− αo)λmax(BB

∗),

s.t., alk ≥ 0, AT
1N = 1N , and alk = 0 if l /∈ Ñ

′

k,
(10)

where αo = (βo+1)−1. The quantity βo is the solution of the
following semi-definite program

βo = min
β

β, s.t.,

[

β(MSM)−1 + Q̃ Q̃(1N ⊗ IM )

(1T
N ⊗ IM )Q̃ (1T

N ⊗ IM )[Q̃− INM ](1N ⊗ IM )

]

� 0,

(11)

with Q̃ , (INM −MR)−2 ≻ 0, which is independent of the

decision matrix A.

Proof: Omitted due to space constraints.

The semi-definite program (SDP) in (11) for solving βo is

only dependent on the covariance matrices, and is convex and

hence readily solvable by standard SDP or convex solvers.

Theorem 1 indicates that the optimal combination matrix

A to minimize the upper bound of the steady-state network

MSD can be solved from an eigenvalue problem defined in

(10). To find an approximate analytical solution, we replace

the maximum eigenvalues with their upper bounds as traces,

resulting in a relaxed form of (10) as follows:

min
A
αoTr(Y) + (1− αo)Tr(BB∗)

s.t., alk ≥ 0, AT
1N = 1N , and alk = 0 if l /∈ Ñ

′

k.
(12)

This relaxed problem admits an analytical solution for the

combination matrix. We call its solution “the balancing rule”,

since it optimizes the tradeoff between the diffusion conver-

gence rate (measured through Tr(BB∗)), and the steady-state

network MSD (measured through Tr(Y)).

Theorem 2. The combination weights that solve the relaxed

optimization problem defined in (12) are given as follows:

alk =











γ−2

l
∑

j∈Ñ ′

k

γ−2

j

, if l ∈ Ñ
′

k,

0, otherwise,

(13)

where the composite variance γ2l is defined by

γ2l , αµ2
l ·σ

2
v,l ·Tr(Ru,l)+(1−α)Tr

(

(IM − µlRu,l)
2
)

, (14)

with the balancing coefficient α , αo (as solved from Theorem

1).



Proof: Substituting the expression of Y , we can express

the objective function of problem (12) explicitly as:

αoTr(Y) + (1− αo)Tr(BB∗)

= αo
∑

k∈N

∑

l∈N
a2lkµ

2
l σ

2
v,lTr(Ru,l)

+ (1− αo)
∑

k∈N

∑

l∈N
a2lkTr

(

(IM − µlRu,l)
2
)

.

Therefore problem (12) can be decoupled into N separate
optimization problems of the form:

min
A

∑

l∈N

a2

lk

[

αoµ2

l σ
2

v,lTr(Ru,l) + (1− αo)Tr
(

(IM − µlRu,l)
2
)]

s.t., alk ≥ 0, AT
1N = 1N , and alk = 0 if l /∈ Ñ

′

k,

from which the solution of {alk}
N
l=1

are obtained as in (13).

The two components of γ2l , namely µ2
l · σ

2
v,l · Tr(Ru,l) and

Tr
(

(IM − µlRu,l)
2
)

, actually minimize Tr(Y) and Tr(BB∗)
respectively, each of which is equivalent to minimizing a
looser upper bound of the steady-state network MSD since

MSD∞ ≤











Mλmax(Y)

1− r2
1

≤
MTr(Y)

1− r2
1

, MSD
a

∞

Mr2
1− λmax(BB∗)

≤
Mr2

1− Tr(BB∗)
, MSD

b

∞

, (15)

where the two positive scalars r1 and r2 are given by

r1 , ρ(INM −MR), r2 , λmax(MSM),

and ρ(·) denotes the spectrum radius of its matrix argument.

Therefore the composite variance γ2l is a summation of the

minimizers of the two looser upper bounds. Observing that

Tr(BB∗) is an upper bound of λmax(BB∗), we can alter-

natively interpret the minimizer Tr
(

(IM − µlRu,l)
2
)

as to

optimize the transient network MSD approximately. Under

this interpretation, the balancing rule aims to balance between

the optimizations of the steady-state and the transient network

MSDs, and the balance is tunable by setting the coefficient α
to other non-optimal values in the range of [0, 1].

To apply the balancing rule (13), each node k needs to

know the composite variances {γ2l }l∈Ñ ′
k
, which depend on the

quantities {σ2
v,l, Tr(Ru,l)} of selected information neighbors.

Without knowing them a priori, each node needs to estimate

the variances online and use them to update the combination

rule adaptively. An adaptive implementation of the balancing

can be developed in a similar way (with a few changes) as per

the existing adaptive relative-variance rule. Interested readers

may refer to [11], [19] for details.

The balancing rule reduces to the relative-variance rule

[11], [19] if the coefficient α is set to 1, which concentrates

on minimizing the bound MSD
a

∞. The rule is also related

to the two-phase rules proposed in [20], where separate

combination rules are adopted for the transient and the steady-

state phases, minimizing ‖A‖
max

(the largest absolute value

of the elements of matrix A, as derived from a different

relaxation of λmax(BB
∗)) and Tr(Y), respectively. In that case,

a switching point between the two-phase rules needs to be

estimated online.

V. SELECTING THE INFORMATION NEIGHBORS

Given the closed-form combination weights derived in the

last section, we proceed to select information neighbors con-

sulted by each node so that the upper bound of the steady-

state network MSD is minimized while satisfying the energy

constraints. This can be cast as an optimization problem

defined in (12) subject to extra energy constraints. With the

combination weights expressed in (13), the objective function

becomes explicit and the optimization has a specific form of

(P1) min
{Ñ ′

k
: Ñ ′

k
⊆Ñk}k∈N

∑

k∈N

1
∑

l∈Ñ ′

k

γ−2

l

s.t., cssk + ccpk + ccmk ({Ñ
′

l }l∈Ñk) ≤ ck, ∀k ∈ N ,
∑

k∈N
cssk + ccpk + ccmk ({Ñ

′

l }l∈Ñk) ≤ c,

where ccmk ({Ñ
′

l }l∈Ñk) indicates that the communication cost

of node k in one iteration is dependent on the information

neighbor configurations of the nodes to which node k is an

information neighbor. For simplicity, the sensing cost cssk and

the computing cost ccpk are treated as constants, independent

of the information neighbor configurations.

A. Explicit formulation as an MILP

In this subsection, we introduce binary and auxiliary con-

tinuous decision variables to reformulate problem (P1) into an

explicit MILP that is solvable using standard solvers.

Problem (P1) is intractable in its current form because of

the unknown information neighbor subsets {Ñ
′

k}k∈N and the

implicit expressions of ccmk ({Ñ
′

l }l∈Ñk) for all k ∈ N . To

obtain a tractable form of (P1), we first introduce binary

variables to represent the subsets {Ñ
′

k}k∈N and then model

the inter-network communications to get an explicit expression

for ccmk ({Ñ
′

l }l∈Ñk). This turns out to be very complex if

the network has an arbitrary topology and the selection goes

over all information neighbors of each node. To reduce the

complexity, we make the following assumption.

Assumption V.1. There is at most one directed simple path

from one node to another in the network.

Before reformulating (P1), we first derive an explicit ex-

pression for the communication cost ccmk ({Ñ
′

l }l∈Ñk). To that

end, we introduce two classes of binary variables. The first

class of binary variables indicate the selection of information

neighbors to be consulted by each node: The selection vari-

ables δlk ∈ {0, 1}, ∀l ∈ Ñk and k ∈ N , are such that alk = 0
if and only if δlk = 0. By default, alk ≡ 0 if l /∈ Ñk, in

which case no selection variable is defined. The second class

of binary variables indicate whether a node needs to relay the

information originating from another node: The relay variables

πlk ∈ {0, 1}, ∀l ∈ Ñk and k ∈ N , are such that πlk = 1 if

and only if node k relays the information originating from

node l. We make the following assumptions.

Assumption V.2. Every broadcast conveys information from a

single node, and incurs a communication cost (which may be



different for different nodes). All nodes having the broadcast

node as a physical neighbor receives the same information.

Assumption V.3. At every iteration, each node relays the same

piece of information at most once.

With the two assumptions, the communication cost, ccmk ,

of node k in a single iteration is equal to the number of

intermediate estimates it needs to relay and diffuse, multiplied

by the energy cost incurred in each broadcast, i.e.,

ccmk = ccm,0
k

∑

l∈Ñk

πlk, ∀k ∈ N ,

where ccm,0
k is the cost per broadcast by node k, which is a

constant.

We now investigate the relationships among the relay vari-

ables πlk and the selection variables δlj under Assumption V.1.

The path from a node l to another node j is characterized by a

set of known binary constants, {ηlj,k}k∈Ñj
, where ηlj,k = 1 if

and only if node k is able to relay the information originating

from node l to node j. We have ηjj,k = 0 and ηlj,j = 0 for

any l, j, k ∈ N .
Under the above settings, the selection variables δlj and the

relay variables πlk are related to each other in the way as
follows:

πlk = min







1,
∑

j∈Ñ l\{l}

ηlj,kδlj







, ∀l ∈ Ñk, k ∈ N . (16)

The equality means that node k relays node l’s information if

and only if node l is consulted by a node j while node k is

on the information transmission path. The bound by 1 in the

relation owes to Assumption V.3, that the unique information

is relayed at most once by each node, and the case j = l is

ignored in the summation because ηll,k = 0 always holds. The

above relation can be reformulated into a linear form in (23)

ahead.

We can now reformulate (P1) into a tractable form. The

objective function can be transformed into a linear function by

introducing a couple of linear constraints. Firstly, using the se-

lection variables δlk, we express the objective function equiv-

alently as
∑

k∈N
1∑

l∈Ñk
δlkγ

−2

l

, where the candidate informa-

tion neighbor subset Ñ
′

k is replaced by the reachable neighbor

set Ñk with the help of selection variables. We then rewrite

the objective as
∑

k∈N zk, satisfying
∑

l∈Ñk
zkδlkγ

−2

l = 1.

By defining zkδlk as a new variable plk, the nonlinear equality

constraints are then exactly linearized with the McCormick

linearization method [21].

Consequently, (P1) is equivalent to an MILP problem as

defined in (17)-(29), which is called (P2) hereafter. In (P2),

constraints (18)-(22) arise from the linearization of the non-

linear objective of (P1), where the lower and upper bounds

of zk are given as zk = 1∑
l∈Ñk

γ−2

l

and z̄k = 1

min
l∈Ñk

γ−2

l

,

respectively. Constraints (23) describe the relation between

the relay variables and the selection variables. Constraints (24)

and (25) characterize the energy costs and their budgets for the

distributed estimation in a single iteration. Lastly constraints

(26)-(29) define decision variables of the optimization.

(P2) min
δlk, πlk, plk, zk,

∀l ∈ Ñk, k ∈ N

∑

k∈N
zk (17)

s.t.,
∑

l∈Ñk

γ−2

l plk = 1, ∀k ∈ N (18)

plk ≤ z̄kδlk, ∀l ∈ Ñk, k ∈ N (19)

plk ≥ zkδlk, ∀l ∈ Ñk, k ∈ N (20)

plk ≥ zk + z̄k(δlk − 1), ∀l ∈ Ñk, k ∈ N (21)

plk ≤ zk + zk(δlk − 1), ∀l ∈ Ñk, k ∈ N (22)

πlk ≤
∑

j∈Ñ l\{l}
ηlj,kδlj ≤ (N − 1)πlk,

∀l ∈ Ñk, k ∈ N (23)

cssk + ccpk + ccm,0
k

∑

l∈Ñk

πlk ≤ ck, ∀k ∈ N (24)

∑

k∈N



cssk + ccpk + ccm,0
k

∑

l∈Ñk

πlk



 ≤ c (25)

δlk ∈ {0, 1}, ∀l ∈ Ñk, k ∈ N (26)

πlk ∈ {0, 1}, ∀l ∈ Ñk, k ∈ N (27)

plk ∈ R≥0, ∀l ∈ Ñk, k ∈ N (28)

zk ∈ R≥0, ∀k ∈ N . (29)

Problem (P2) is combinatorial in nature and hence NP-

hard in general. Yet, if it is of a small size, say, the network

is limited to tens of nodes, the problem is often efficiently

solvable by mature MILP solvers (e.g., the one implemented

in CPLEX developed by IBM).

We also remark that problem (P2) is solved for once in a

centralized manner. This requires a center to have full prior

knowledge of the noise and data variance profiles of every

node in the network. This restriction is however alleviated to

some extent by an interesting property of problem (P2).

Lemma 3. The optimal solution of {(δlk, πlk), ∀l ∈ Ñk, k ∈
N} for (P2) is invariant to a homogeneous scaling of γl for

all l ∈ N .

Proof: Let α be a positive scalar, and the optimal solution

of (P2) be obtained as {(δ⋆lk, π
⋆
lk, p

⋆
lk, z

⋆
k), ∀l ∈ Ñk, k ∈ N}.

If γl changes into αγl for every l ∈ N , then it is easy to

verify that the optimal solution for the new (P2) (with zk and

z̄k replaced with α2zk and α2z̄k respectively) changes into

{(δ⋆lk, π
⋆
lk, α

2p⋆lk, α
2z⋆k), ∀l ∈ Ñk, k ∈ N}. So the optimal

solution of {(δlk, πlk), ∀l ∈ Ñk, k ∈ N} is invariant to the

scaling of γl as applied on all l ∈ N .

The lemma means that if changes in the powers of data

and noise happen uniformly on all network nodes (which can

be the case if the nodes are not vastly distributed in space),

then the optimal information neighbor configuration remains

unchanged. This justifies the use of an offline or centralized
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Fig. 2. Network topology and data and noise profiles of every node. The
number next to a node denotes the node index.

optimization, which may be costly to repeat frequently.

VI. NUMERICAL EXAMPLE

We use an example to illustrate the gATC diffusion strategy,

and compare its performance with that of the ATC diffusion,

the non-cooperative and the centralized strategies. In this

section, for simplicity, we ignore the sensing and computing

costs of each node, and use the terms “energy cost” and

“communication cost” interchangeably. In the simulations, the

step sizes are set as µk = 0.08 for all k ∈ N , and the

numerical results are averaged over 1000 instances.

The network is undirected and has a tree topology, as shown

in Fig. 2 together with the noise and data profiles of each node.

In the figure, the quantities rmm are randomly generated such

that
∑M

m=1
rmm = 1 and the regression covariance matrix

Ru,k is diagonal with entries equal to rmm ·100σ2
v,k. With the

network being completely connected, the reachable neighbors

of each node are the whole network. By consulting a subset

of the reachable neighbors, each node aims to estimate a 3×1
(i.e., M = 3) unknown vector ωo with every entry equal to
1/

√
3, and the initial estimate is assumed to be zero. To proceed

a consultation, an intermediate estimate is sent from an origin

node l to a destination node j, and the transmission follows a

unique shortest path as known a priori. We impose a network-

wide energy constraint as the maximum number of broadcasts

(denoted by nb) allowed in the network in a single iteration.

Under the above setting, we run simulations and illus-

trate/validate three points: 1) the usefulness and flexibility of

the balancing rule for determining combination weights, 2) the

usefulness of the proposed scheme for selecting information

neighbors, and 3) the efficacy of the gATC strategy in handling

the energy-performance tradeoff.

To illustrate points 1) and 2), we set nb to 8, the same as

that invoked by a normal ATC strategy. The gATC strategy

adopts the balancing rule with the balancing weight α equal

to the optimal value αo, or the extreme value of 0 or 1.

When the gATC and the ATC strategies were applied, the

theoretical (computed by (7)) and simulation results, as shown

in Fig. 3, indicate that: While the balancing rule with α = 0
gives the best transient network MSD, the rule with α = 1
gives the minimum steady-state network MSD. In comparison,

the optimal balancing rule using α = αo = 0.9978 finds
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Fig. 3. Comparison of the ATC and gATC diffusion strategies implementing
the balancing rule with different balancing weights in a non-adaptive/adaptive
manner.

a good balance between these two extremes. The results

also show that the gATC strategy results in a lower steady-

state network MSD at a slightly slower convergence rate

compared to the ATC strategy when α is optimal or equal

to 1. The observations are similar when the strategies are

implemented adaptively using online estimates of the noise

and data variances.

To illustrate point 3), we define the convergence rate as

the quotient of the decrease in the network MSD till 90%

of its absolute steady-state value divided by the number of

iterations to achieve that decrease. The gATC strategy adopts

the optimal balancing rule and is subject to different admis-

sible broadcasts per iteration in the network. The simulation

results are shown in Fig. 4, from which we observe that: i)

there is a sharp increase in the convergence rate from a non-

cooperative (with nb = 0) to a cooperative strategy (with

nb ≥ 1); ii) in a cooperative case, while the steady-state

network MSD decreases almost monotonically as the number

of broadcasts increases, the convergence rate first decreases

and then increases; and iii) once the consultations become

adequate, the marginal benefit brought by more consultations

is small to the steady-state network MSD, but still notable

with respect to the convergence rate. The results confirm the

energy-performance tradeoff inherent in a gATC strategy.

Fig. 5(a) shows an optimal information neighbor configu-

ration for the gATC diffusion strategy, when the network is

limited to having 5 broadcasts per iteration. The nodes 1,

2, 4, 5 and 8 do not broadcast their intermediate estimates

at all but consult other nodes, and that node 6’s estimate

is relayed by nodes 3 and 7 to their physical neighbors,

respectively. This is in sharp contrast to the ATC strategy

where every node broadcasts its own intermediate estimate

in each iteration. The gATC strategy leads to a network

performance comparable to that of the ATC strategy, but

invokes 3 or 37.5% less broadcasts in each iteration. We also

observe that the cooperative ATC and gATC strategies achieve

notable performance gains compared to the non-cooperative

strategy, while their performance gaps from the centralized

strategy (where every node consults the full network nodes in

each iteration) are relatively small.
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Fig. 5. Comparison of the ATC and gATC diffusion strategies adopting the
balancing rule: (a) consultations in each iteration with the gATC strategy
limited to 5 broadcasts per iteration (note that nodes 3 and 7 each broadcasts
twice per iteration: once for its own intermediate estimate, and once to relay
the intermediate estimate of node 6 to nodes {1, 2, 4, 5} and {8}, respectively);
and (b) network MSD curves obtained from simulations.

VII. CONCLUSIONS

In this paper, we have considered the use of generalized

diffusion that allows nodes to exchange intermediate parameter

estimates with their information neighbors instead of just

the physical neighbors. We propose an MILP to select the

optimal information neighbors together with the relay nodes

for each node, which optimizes the tradeoff between the

available energy budgets for each iteration, and the estimation

performance desired for the network. We also derive optimal

combination weights for the selected information neighbors

of each node. The generalized diffusion strategy unifies the

non-cooperative, the distributed, and the centralized estimation

strategies into a single framework, and enables us to interpret

the transition between these strategies as a natural consequence

of achieving a desired energy-performance tradeoff.

The current procedure to select information neighbors as-

sumes that there is at most one directed path from one node

to another. Future work will be conducted to remove this

restriction and generalize the procedure to handling networks

of arbitrary topologies. Part of future work also involves

distributed and adaptive implementations of the optimal in-

formation neighbor selection strategy.

REFERENCES

[1] J. N. Tsitsiklis and M. Athans, “Convergence and asymptotic agreement
in distributed decision problems,” IEEE Transactions on Automatic

Control, vol. 29, no. 1, pp. 42–50, 1984.
[2] R. Olfati-Saber and R. M. Murray, “Consensus problems in networks

of agents with switching topology and time-delays,” IEEE Transactions

on Automatic Control, vol. 49, no. 9, pp. 1520–1533, 2004.
[3] S. Kar and J. M. Moura, “Distributed consensus algorithms in sensor

networks with imperfect communication: Link failures and channel
noise,” IEEE Transactions on Signal Processing, vol. 57, no. 1, pp.
355–369, 2009.
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